A note on class one graphs with maximum degree six  by Li, Xuechao et al.
Discrete Mathematics 306 (2006) 1450–1455
www.elsevier.com/locate/disc
Note
A note on class one graphs with maximum degree six
Xuechao Lia, Rong Luob,1, Jianbing Niuc
aDivision of Academic Enhancement, The University of Georgia, Athens, GA 30602, USA
bDepartment of Mathematical Sciences, Middle Tennessee State University, Murfreesboro, TN 37132, USA
cDepartment of Mathematics, West Virginia University, Morgantown, WV 26505, USA
Received 2 May 2004; received in revised form 2 December 2005; accepted 15 February 2006
Abstract
It is known that there are class two graphs with = 6 which can be embedded in a surface  with Euler characteristic ()0.
However, it is unknown whether there are class two graphs on the projective plane or on the plane with  = 6. In this paper, we
prove that every graph with = 6 is class one if it can be embedded in a surface with Euler characteristic at least −3 and is C3-free,
or C4-free or if it can be embedded in a surface with Euler characteristic at least −1 and is C5-free. This generalizes Zhou’s results
in [G. Zhou, A note on graphs of class I, Discrete Math. 263 (2003) 339–345] on planar graphs.
© 2006 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, all graphs are simple and surfaces are compact, connected twomanifoldswithout boundary. Embeddings
considered in this paper are 2-cell embeddings. For a surface , let () denote the Euler characteristic of the surface
. Let V,E and F be the vertex set, edge set and face set of a given embedded graph G, respectively. Let |V |, |E| and
|F | be the cardinality of V,E and F of G, respectively. An element of G is a member of F ∪V ∪E. Any two elements
are adjacent if they are either adjacent to or incident with each other in the traditional sense.
A k-edge-coloring of a graph G is a function  : E → {1, . . . , k} such that any two adjacent edges receive different
colors. The edge chromatic number, denoted by e(G), of a graph G is the smallest integer k such that G has a k-edge-
coloring. Vizing’s Theorem states that the edge chromatic number of a simple graph G is either  or  + 1, where 
denotes the maximum vertex degree of G. A graph G is class one if e(G) =  and is class two otherwise. A class
two graph G is critical if e(G − e)< e(G) for each edge e of G. A critical graph G is -critical if it has maximum
degree .
In 1965, Vizing [6] proposed the following well-known conjecture.
Conjecture 1.1 (Vizing’s planar graph conjecture [6]). Every planar graph with maximum degree 6 or 7 is class one.
The case  = 7 was recently conﬁrmed independently by Sanders and Zhao [5] and Zhang [7]. The case  = 6
remains open.
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In [9], Zhou proved that every planar graph G with  = 6 is class one if it is C3-free, or C4-free or C5-free. It is
well-known that there are class two graphs with = 6 which can be embedded in a surface  with Euler characteristic
()0. However, it is unknown whether there are class two graphs on the projective plane with =6. It is interesting
to determine the class one graphs on these surfaces with maximum degree 6. In this paper, we generalize Zhou’s results
to these surfaces.
Before we proceed, we introduce some notations. Let d(x) be the degree of the vertex x and d(f ) be the length
of the face f. A k-vertex (or, (k)-vertex, (k)-vertex) is a vertex of degree k (or, k, k, respectively). dk(x) (or
dk(x), dk(x)) is the number of k-vertices (or, (k)-vertices, (k)-vertices, respectively) adjacent to x. Let davg(G)
denote the average degree of G and  denote the minimum degree of G. For a vertex x ∈ V (G), let N(x) be the set
of vertices adjacent to x. For V ′ ⊆ V (G), let N(V ′) =⋃x∈V ′ N(x). Vk ( or Vk , Vk) is the set of k-vertices (or,
(k)-vertices, (k)-vertices, respectively). Let nk denote the number of k-vertices in G. A k-face (or a (k)-face, a
(k)-face, respectively) is a face of degree k (or of degree at least k, or of degree at most k, respectively).
2. Properties of critical graphs
In this section, we present some results on the properties of -critical graphs which will be used in the proofs of
our main results. The ﬁrst one is the well-known Vizing’s Adjacency Lemma [6], which within this article we will
abbreviate with VAL.
Lemma 2.1 (Vizing’s Adjacency Lemma [6]). If G is a-critical graph and xy is an edge of G, then d(x)+d(y)+2
and x is adjacent to at least (−d(y)+1) -vertices. Furthermore, every vertex is adjacent to at least two -vertices.
Lemma 2.2 (Zhang [7]). Let G be  critical, xy ∈ E(G) and d(x) + d(y) = + 2. Then the following hold:
(1) every vertex in N(x, y)\{x, y} is a -vertex;
(2) every vertex in N(N(x, y))\{x, y} is of degree at least − 1;
(3) if d(x), d(y)<, then every vertex in N(N(x, y))\{x, y} is a -vertex.
Lemma 2.3 (Beineke and Fiorini [1], Chetwynd and Yap [3], Brinkmann and Steffen [2]).
(i) There are no critical graphs of even order at most 12.
(ii) A graph G with |V |9 is 6-critical if and only if its degree sequence is one of the following: (2, 68), (3, 5, 67),
(4, 52, 64), (4, 52, 66), (42, 67), (54, 63), (54, 65).
Lemma 2.4 (Sanders and Zhao [5]). No -critical graph has distinct vertices x, y, z such that x is adjacent to y and
z, d(z)< 2− d(x) − d(y) + 2, and xz is in at least d(x) + d(y) − − 2 triangles not containing y.
The following lemma is a direct corollary of the above lemma.
Lemma 2.5. LetGbe a-critical graph and x,w ∈ N(y). If d(x)4 and |N(w)∩N(y)|2, then d(x)+d(w)+2.
Lemma 2.6 (Luo and Zhang [4]). Let G be a critical graph and x be a 3-vertex in G. If x is adjacent to three-vertices,
then at least one -vertex in N(x) is adjacent to only one (− 1)-vertex which is x.
3. Main results
Theorem 3.1. Let G be a graph with = 6. Suppose that G can be embedded in a surface  with Euler characteristic
() − 3. If G is C3-free, then G is class one.
Proof. Let G be a counterexample with |E| as small as possible. Then G is 6-critical. By Euler’s formula |V | − |E| +
|F | = , we have
(davg(G) − 4)|V |
∑
x∈V
(d(x) − 4) +
∑
f∈F
(d(f ) − 4)12,
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since d(f )4 for each face f. In [8], it is proved that the average degree of G, davg(G)5. Therefore, |V |12. Let xy
be an edge inGwith d(x)=d(y)=6. SinceG isC3-free,N(x)∩N(y)=∅. Therefore, |V |2+d(x)−1+d(y)−1=12.
Thus, |V | = 12. By Lemma 2.3, it is impossible since there are no critical graphs on 12 vertices. This completes the
proof of the theorem. 
Theorem 3.2. Let G be a graph with = 6. Suppose that G can be embedded in a surface  with Euler characteristic
() − 3. If G is C4-free, then G is class one.
Proof. Let G be a counterexample to the theorem with |E| as small as possible. Then G is 6-critical.
By Euler’s formula, we have
∑
x∈V
(d(x) − 4) +
∑
f∈F
(d(f ) − 4) = −4()12.
Let c(x) = d(x) − 4 be the initial charge of x for each x ∈ V ∪ F .
Then,
∑
x∈V
c(x) +
∑
f∈F
c(f )12.
Let (x) = min{d(y) : y ∈ N(x)}. We assign a new charge to each vertex and each face according to the following
rules:
(R1) Each (5)-face f sends (d(f ) − 4)/d(f ) to each adjacent vertex.
(R2) Each vertex sends 13 to each adjacent 3-face.
(R3) Every 2-vertex receives 1615 from each adjacent 6-vertex.(R4) Every 6-vertex x with 3(x)4 sends 1/d4(x) to each adjacent (4)-vertex.
(R5) Every 5-vertex sends 215 to each adjacent 4-vertex.
Let c′(x) denote the new charge of x for each x ∈ V ∪ F .
Note that each vertex is adjacent to at least 	d(x)/2
 (5)-faces and at most d(x)/2 3-faces since G is C4-free.
I. Obviously, c′(f ) = 0 for each face f.
II. Let x be a 2-vertex. Then both of neighbors of x are 6-vertices by VAL and note that G is C4-free, by (R1), (R2)
and (R3), we have c′(x)(2 − 4) + 15 − 13 + 2 × 1615 = 0.
III. Claim that for a 3-vertex x, c′(x) 1615 . Let x be a 3-vertex. If x is adjacent to a 5-vertex, then by Lemma 2.2, x
is adjacent to two 6-vertices, each of which is adjacent to only one (4)-vertex. Therefore, by (R1), (R2) and (R4),
c′(x)(3− 4)+ 2 × 15 − 13 + 2 × 1= 1615 . If x is adjacent to three 6-vertex, by VAL, each 6-vertex in N(x) is adjacent
to at most two (4)-vertices and by Lemma 2.6, at least one 6-vertex in N(x) is adjacent to only one (4)-vertex.
Thus, c′(x)(3 − 4) + 2 × 15 − 13 + 1 + 2 × 12 = 1615 .
IV. Claim that for a 4-vertex x, c′(x) 23 . Let y be a 6-vertex in N(x). ByVAL, d4(y)3. Hence, x receives at least
1
3 from an adjacent 6-vertex. Note that x is adjacent to at most two 3-faces and at least two (5)-faces. If x is adjacent
to at least three 6-vertices, c′(x)(4 − 4) + 2 × 15 − 2 × 13 + 3 × 13 = 1115 > 1015 = 23 . If x is adjacent to two 6-vertices,
then by Lemma 2.2, x is adjacent to two 5-vertices. Therefore, c′(x)(4− 4)+ 2 × 15 − 2 × 13 + 2 × 13 + 2 × 215 = 23 .
V. Claim that for a 5-vertex x, c′(x) 23 . Since x is adjacent to at most two 4-vertices by VAL and x is adjacent to at
most two 3-faces and at least three (5)-faces, we have c′(x) = (5 − 4) + 3 × 15− 2 × 13 − 2 × 215 = 23 .
VI. For a 6-vertex x, c′(x)(6 − 4)+ 3 × 15 − 3 × 13 = 85 if (x)5, c′(x) 85 − 1615 = 815 if (x) = 2 since in this
case, x is adjacent to ﬁve 6-vertices and one 2-vertex, and c′(x) 85 − 3 × 13= 35 otherwise. Since the discharging rules
only move the initial charge around, we have
∑
x∈V∪F
c′(x) =
∑
x∈V∪F
c(x)12. (1)
Let n61 be the number of 6-vertices incident with x and (x)5.
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VII. Claim that if n2 = 0, then n618. Let x be a 2-vertex and y, z ∈ N(x). Then byVAL, N(y, z)\{x} ⊆ V6. Since
G is C4-free, N(y) ∩ N(z) ⊆ {x, y, z}. Therefore, |N(y, z)\{x, y, z}|d(y) − 2 + d(z) − 2 = 8. By Lemma 2.2, for
any 6-vertex u in N(N(y, z))\{x, y, z}, (u)5. Therefore, n618.
VIII. Claim that n2 = 0 and therefore, c′(x) 35 for each 6-vertex by ClaimVI. By Eq. (1) and Claims I–VI, we have
8
5
n61 + 35 (n6 − n61) +
2
3
n5 + 23n4 +
16
15
n3
∑
x∈V∪F
c′(x)12. (2)
If n2 = 0, then by Claim VII, n618. Thus, 85 × 8
∑
x∈V∪F c′(x)12, a contradiction. Therefore, n2 = 0.
IX. Claim that |V |25. Let x be a 6-vertex which is adjacent to a vertex of degree (x), say y. Then x is adjacent to
at least 6 − (x) + 1 = 7 − (x) 6-vertices and hence at most ((x) − 1) (x)-vertices. Since G is C4-free, any vertex
in N(x) is adjacent to at most one vertex in N(x) and no two vertices in N(x) share a common neighbor except x.
Therefore, |N(N(x))\[N(x)\∪ {x}]\∑u∈N(x)(d(u)− 2), and |V | |N(x)∪ {x}| + |N(N(x))\[N(x)∪ {x}]|1+
6 + (7 − (x))(6 − 2) + ((x) − 1)((x) − 2) = ((x))2 − 7(x) + 37 = ((x) − 72
)2 + 994 24.75. Since |V | is an
integer, we have |V |25.
X. The ﬁnal step. By Claim VIII, Eq. (2) becomes
3
5 |V | + 115n5 + 115n4 + 715n312. (3)
Since |V |25, by Claim IX and Eq. (3), we have
15< 35 |V | + 115n5 + 115n4 + 715n312,
a contradiction. This contradiction completes the proof. 
Theorem 3.3. Let G be a C5-free graph with  = 6. If G can be embedded in a surface  with Euler characteristic
() − 1, then G is class one.
Proof. Let G be a counterexample with |E| as small as possible. Then G is 6-critical.
By Euler’s formula, we have
∑
x∈V
(2d(x) − 6) +
∑
f∈F
(d(f ) − 6)6.
Let c(x) = 2d(x) − 6 for each vertex x and c(f ) = d(f ) − 6 for each face; c(x) is called the initial charge of x for
each x ∈ V ∪ F .
Then,
∑
x∈V
c(x) +
∑
f∈F
c(f )6.
We assign a new charge to each vertex and each face according to the following rules.
I. Discharge rules
(R1) Every (4)-face f receives (6 − d(f ))/d(f ) from each adjacent vertex.
(R2) Every 6-vertex x sends 3/2d4(x) to each adjacent (4)-vertex.
Let c′(x) be the new charge of x for each x ∈ V ∪ F .
II. Estimate new charges.
(II-1) Obviously, c′(f )0 for each face f.
(II-2) Claim that c′(x)0 for each 2-vertex x. Let x be a 2-vertex. Then x is adjacent to at most one 3-face or at most
two 4-faces. Hence, c′(x)(2 × 2 − 6) − 1 + 2 × 32 = 0.(II-3) Claim that c′(x)0 for each 3-vertex x. Let x be a 3-vertex. First we show that x receives 3 from the adjacent
6-vertices. If x is adjacent to a 5-vertex, then each 6-vertex in N(x) is adjacent to only one (4)-vertex by Lemma
2.2. Therefore, x receives 2 × 32 = 3 from the two adjacent 6-vertices. If x is adjacent to three 6-vertices, then by VAL,
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each 6-vertex in N(x) is adjacent to at most two (4)-vertices and by Lemma 2.6, at least one 6-vertex in N(x) is
adjacent to only one (4)-vertex. Thus x receives 32 + 2 × 34 = 3 from adjacent vertices. Next we show that x sends
at most 3 to the adjacent faces. If x is adjacent to three 3-faces, then x sends 1 to each adjacent 3-faces. Now assume
that x is adjacent to a (4)-face. If x is adjacent to a 3-face, then x must be adjacent to at least one (6)-face and
at most two 3-faces. If x is not adjacent to a 3-face, then x is adjacent to at most three 4-faces. Thus x sends at most
max
{
2, 3 × 12
} = 2 to the adjacent faces. Since x receives at least 3 from its neighbors and sends at most 3 to the
adjacent faces, we have c′(x)c(x) − 3 + 3 = 0.
(II-4) Claim that c′(x)1 for each 4-vertex x. Let x be a 4-vertex. Note that x is adjacent to at least two 6-vertices.
ByVAL, each 6-vertex sends at least 12 to each adjacent 4-vertex. If x is adjacent to at least one 3-face, then x is adjacent
to at most two (4)-faces since G is C5-free. Hence, c′(x)(2 × 4 − 6)−2 × 1 + 2 × 12 = 1. If x is not adjacent to a
3-face, then x is adjacent to at most four 4-faces. Thus, c′(x)(2 × 4 − 6)−4 × 12 + 2 × 12 = 1.(II-5) Claim that c′(x)1 for each 5-vertex x. Let x be a 5-vertex. Then c(x) = 4. Since G is C5-free, no 3-face
is adjacent to a 4-face. If x is adjacent to a 3-face, then it is also adjacent to at least two (6)-faces. Therefore, x is
adjacent to at most three (4)-faces. Thus, c′(x)c(x)−3×1=1. If x is not adjacent to any 3-face, then x is adjacent
to at most ﬁve 4-faces. Therefore, c′(x)c(x) − 5 × 12 = 32 > 1. Let n61 be the number of 6-vertices x with (x)5
where (x) = min{d(y) : y ∈ N(x)}.
(II-6) Claim that c′(x) 12 for each 6-vertex x if (x)4 and c′(x)2 if (x)5. Let x be a 6-vertex. Then c(x)=6.
Note that if x is adjacent to a 3-face, then it is adjacent to atmost four (4)-faces sinceG isC5-free; and if x is not adjacent
to a 3-face, then x is adjacent to at most six 4-faces. Therefore, x sends at most max {4 × 1, 6 × 12
}=4 to adjacent faces
totally. If (x)5, then c′(x)c(x)−4=6−4=2. If (x)4, then by (R2), c′(x)c(x)−d4(x)×3/2d4(x)−4= 12 .
Since the discharging rules only move the charges around, it does not change the sum. By Claims (II-1)–(II-6), we have
2n61 + n4 + n5 + 12 (n6 − n61)
∑
x∈V
c′(x) =
∑
x∈V∪F
c′(x)
∑
x∈V∪F
c(x)6. (4)
Therefore, n613.
III. Claim that 3 where  is the minimum degree of G. If 5, then by Claims (II-5) and (II-6), n5 +
2n6
∑
x∈V c′(x)6. It contradicts the fact that 7 |V | = n5 + n6n5 + 2n6. Therefore, 4. Now assume = 4.
(III-1) If |V |11, 11n4 + n5 + 12n6 + 12n66 + 12n6, then n610, so n4 + n51. Hence n4 = 1, n5 = 0. Then,
n6110 − 4 = 6, a contradiction.
(III-2) If |V |10, by Lemma 2.3, |V |9 and possible degree sequences of 6-critical graph G are (4, 52, 64), (42, 67)
and (4, 52, 66) as  = 4. If the degree sequence of G is (4, 52, 64), then G contains C5 by VAL. If the degree
sequence of G is (4, 52, 66), then n612. Thus, Eq. (4) becomes 2× 2+ 1+ 2+ 12 (6− 2)6, a contradiction.
Hence, the degree sequence of G is (42, 67). Since there are only two (4)-vertices, each 4-vertex receives
at least 34 from each adjacent 6-vertex. Note that each 4-vertex is adjacent to at least three 6-vertices. Thus
c′(x)(2 × 4 − 6) − 4 × 12 + 3 × 32 = 92 . Therefore, by Eq. (4), 2 × 92 + 12 × 76, a contradiction.
By (III-1) and (III-2), 3.
IV. Claim that n611 where n61 is the number of 6-vertices x with (x)5. Otherwise, assume that n612. Then
from (II-1) – (II-6), we have
2n61 + n4 + n5 + 12 (n6 − n61)
∑
x∈V
c′(x)
∑
x∈V∪F
c(x)6. (5)
Since 3, and by VAL, n68 − 5. Thus, n61 = 2, n4 = n5 = 0 and n66 by Eq. (5). If = 2, then by Lemma
2.2, n66. Thus n6 = 6. By Lemma 2.2, G contains a C5, a contradiction. Hence,  = 3. Let x be a 3-vertex. By
Lemma 2.6, there is a vertex in N(x), say y, which is adjacent to only one (4)-vertex. Since n5 = 0, y is adjacent
to ﬁve 6-vertices. Hence, n6 = 6 since n66. Let N(y) = {x, y1, y2, . . . , y5} where y1, . . . , y5 are 6-vertices. Then
V6 = {y, y1, . . . , y5}. Since x is adjacent to three 6-vertices, without loss of generality, assume N(x) = {y, y1, y2}. By
VAL, yi (i = 1, 2) is adjacent to at least (6 − 3 + 1) = 4 6-vertices. Then, yi is adjacent to at least two vertices in
{y3, y4, y5} for i = 1, 2. Thus at least one vertex in {y3, y4, y5} is adjacent to both y1 andy2. Without loss of generality,
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assume that y3 is adjacent to both y1 and y2. Hence, xy2y3y1yx is a C5 in G. It contradicts the assumption that G is
C5-free.
V. Claim that n2 = 0 and every 3-vertex is adjacent to three 6-vertices. This claim follows from Claim IV, VAL and
Lemma 2.2.
VI. Claim that c′(x)1 for each 3-vertex. Let x be a 3-vertex. Since n611 by Claim (IV), x is adjacent to three
6-vertices. Assume that x is adjacent to three 3-faces, then x sends 3 to the adjacent 3-faces in total. By Lemma 2.5,
each 6-vertex y ∈ N(x) is adjacent to only one (4)-vertex. Therefore, x receives 3× 32 = 92 from its neighbors. Thus
c′(x)0 − 3 + 92 = 32 .
Assume that x is adjacent to at least one (4)-face. By VAL, every 6-vertex in N(x) is adjacent to at most two
(4)-vertices and by Lemma 2.6, at least one 6-vertex in N(x) is adjacent to only one (4)-vertex. Thus x receives
3
2 + 2 × 34 = 3 from its neighbors. If x is adjacent to a 3-face, then it is adjacent to at most two (4)-faces. If x is not
adjacent to a 3-face, then x is adjacent to at most three 4-faces. Hence x sends at most max{1+ 12 , 2×1, 3× 12 }=2 to its
adjacent faces. Therefore, if x is adjacent to at least one (4)-face, c′(x)=0−2+3=1. Hence, c′(x) min { 32 , 1
}=1.
VII. The ﬁnal step. By Claims VI and (II-4)–(II-6), we have
n3 + n4 + n5 + 12n6
∑
x∈V
c′(x)6. (6)
Since n2 = 0 and by n3 +n4 +n5 + 12n66, we have |V |=n3 +n4 +n5 +n6 =n3 +n4 +n5 + 12n6 + 12n66+ 12n6.
If |V |11, then n610 and n3 + n4 + n51. Since = 3, we have n3 = 1 and n4 = n5 = 0. Then n61 = |V | − n3 −
(n6 − n61)11 − 1 − 37 which contradicts Claim IV. Therefore |V |10. By Lemma 2.3, |V | = 9 and the degree
sequence of G is (3, 5, 67) since =3. In this case, n614. It contradicts Claim IV again. This contradiction completes
the proof of the theorem. 
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